CMOT —Nihodral circaits

/f—nm‘/mr rlass of circuts which can be pfeicventl

reprpson+éa/ and opfimally (in Some cases) syhtheszed
are CNOT-d/Aedral ci7rcaits

Def'n (CNoT-d:hedral)

C NOT -dihodral circaits ot ordern aret hose ever
§Xy CNOT, R,=R(F72)3

Foct
§X,R.3 genarate the d.hod ral eraup af arder n, D,,,

Fac+t
CNOT and X together sonerate the atfine permuiations

(A,8) €EGArZ,) = GL(n,ZI)XZ,
(A.8)% = 430h
F.9 Xix2=Ixe1>= |(I,1)x?

Laturtively ther, CUOT -dihedrel Circiits CO mPu-fzo an @f€ne

On bosis states, together withag phase which 5 & sun
oF phases on agfine combinetions of pasis States

.9 :;(;_ Soads ln‘y)_‘l"f'_‘) [X)1x @)
*I'$ W 10 Ixey?
—[HD— Sends 1x> 2 (x@ 1>
I—?wm'h(@l?

Do “n

6“/?“ ;\??ZQ'\‘) (X?()?):}-;:X|Yle®xh%\



RPprpS‘Pﬁ'fa‘l ioh O‘F ( NOT'J l,\ﬁ\' ml Qo yps
Prop (phase polynomiel repwsentai a)

e+ C be acircui+ over §XCNOT,, R.3. Then
> i P Y
[T 8% 143485
where AFGL(’\-,IQ)Q ond p:Z:‘-?Z“ can -bo.lz,r‘f'l'pnqj'

P2y = 67; P¥;®) , @5 €7

weo call P Q P"\GS’P Po[ynonia/ ond (P)A., 3)
d phase polyromial represontet/on of C

B)l induction oh 1he 34;}55 069- Lt"‘f‘
[CDxy— 6 #PD) 4= 25
Then X CR1g>+—>6™PDX. |4z157)
=P 4z e
[0tz —8""* PP (cx; 145 +37)
— PaﬂrmP(i),E;sA; B f;;§7

2 Qn’.m >
[R); - Ciz> —6 " POUR, (43482
S PR Wi (A.3 @ L.
H;ﬂ/ / >€ /h(.A,xQA,)lA;_’Z7
= 7T (PEITET 2D 48] e 2

Note 4hrat (~-/)‘:".9('4 (> 1b; 13 HsPl€ a prese polyromia|



Annotated cirevAs

We can £ind a Phase polyhom 1a [ representet ion by
onnolating 1he steleS of qubidS (in the mp. bosis)
/ (‘onf//.bm‘ps (W Ifm/_—u;’ﬁ@/)

E.o.
7 x P
Y @Y ?j y —~ Y
Conrbutes me)'
Hpn(‘P.,
IX21y> 2w w P 101> = Ix>1y>
rop.

Given o circuit C over §X.CNOT, Ry of  phase
Pd}’\om;al rppr@S’Pn‘fav‘,’on of C caop be Com puted in

Fine and Space lineer in the vdume of C,
[C] = (num gubis of €D (num sates of C)

We caell +h e bl'+9+r)’h9$' ; FZ.,: Wwhere g > Z O the
Suppert of a phe se folynomia/ P,d?lﬁdyéd S'CIPP(p).
Wh/le phase Po/)«nomiﬂr/s ore NOT un/'q/l/?.)P.g,

Z>7 ’X’.()?):': Omal8 Vx

The canonical phase polynomial of C, obtamned by

annolating the CIrCeit and collecling the phases
SaiisfieS

[Supp(P)I = 8P, gates in C



S ynthesis of CNoT- dihedrl ops

Latuliively , a phase polynomial representation (P4 b)
corresponds 4o a Sog verce of phase rotortons on
Pg/:’4/b$ of X ) ol lowed b\/ e fina| ALLine Pp//pu'f'a*]-}On,
SO we caar easily SyhtheSize such a Circed.

e°™s

F-Q- \a 3x + Ry + (y®2) -(xoy@Z)

Lot Vilxyzr+—>w [ <80y o)

We can imploment U over FCMOT, X, T= R,3 as=D:

- Y 2
WL I > (xachD A3 b
) 1~ U e B ey |
X T) T _‘T X X |
Yy IS

Prop

L et P/i):é);’a;,oc? 2, %€z, and (4,6 € GAZ).

Then Uiigy e PO 4o 5> conbe
s,ﬂf’hPSIZ-?d over gCMO7,' Xq Rm% in 1ime Pg/(/non,’q/
inn oand wiih suppCP)| R: 90',‘5., kGZM

Note:
LFf M':Qs,-, »0. R,,,:T,’ + hen OA)' € vren powes of T
s @ CliP€orel p@to gl any ocdd power neeis only /
To@te +to implement, Since Taf(fl:r,-’-ak
Hence, T-court = |sypp(Pmed Q) |




Syn thesizing the Toffol/ 907‘@
ReCall that X >Flg—, vhere E i

the CC2 gate defined by
cczixyzy —> 7T ¥y 2>

Takfng the Foun’p/ pxpcns/o’l* O*F £ (>3 2)=Xy2
9)VPS us
-(—’(x,),,‘z) :ql'[_x 1y +2 -y - (22 -Qoz>+(x@y$2)]
S R N O A A
+hic is @ phase pelynomial over qJ’T:w:p]Ty‘{

we cah slnﬁwsizo an P):Iolipr'-r Circut for CC2 by
o Pach parity and applying einer a w=p™

Prppa r.n
or w'= Ty rotation (T or TH+).
y 2" X2 A% X
- X
= = T y
Xeyez <

(T-depth | CC2)
A—I-}p/nq'f'l‘voly« we oan 97""’h€9i2f the 2 (and
nence To €6li gatl) in T—depth | by usiag an
oncilla to ““hold® each par'ty af once

s T 1 X

=y —D—1 Y

2 __5 P-4
107 20y 10>
107 XD - 10y
10p )= 7 Pz T o7
10) —Br€ ez P [o)d

¥ Fourier expanSion: 9Qiven {‘:Z_?" = R, an expession of € os
A
€00 = & €(5I %y (D



TA( Pth‘f pa/ynomiq/ mP-//wJ

We now heve the "'19/490/"9/'7'3 Lor @ Pha.Sp sadte
reduycing algor thm, by re-synthesizing CNOT-diAaisal
C'rearts. Ta parf icular., note
@ The phase Palynomial vepreSentation (P A, b) ofC
cer be comnp uted PPF/'(*/(M‘H)

@ 1Supp(PII < HPhasegdfos m C

@ The phase fof)mom;al rep reseonitation (P.A., g) canr be
Syrthesized etficiontly wih 1Supp(Pdl phose setles

( phrese gateq,Po- Toale, cptinizertionfor fCNOT,X, R })

anndierle Syn1hes/ze

C > (P, A,B) y C'
Rn-count (C) < R ., -courtcc)
Pra-fH W,
(E xample)

Svuppest we want +o optimize the Circut:
— - - U
—E5F— D

Ve Start by Computing the ph@aSe polynom/al representation:

SD-(xe2 -y €D rye2)

(Xxy27
—) X ~(xe2 -y r(y®2)

I>y2
lxyz)
RP-Syn‘fh?S':’zin’ we 3e+ @ circai'tt with U ¢ 6 T oates.

1

W %i




Phase polynromial synlhesis problans

MNore generally, we can ash what is The be >+
circuit €Cor (P,A,b) in Some cost+ meilric?
Synthesizing an optima | (‘i'fNH' For (LA, B

IS Hnowh @5 @ phase polynomial Symresis propio,,

melric | yosu |t

Rm-depth poly-1ime via Mairoid partitipning (4-pes)

R.,- Ccount eg uwvaloat 4o min-distance decoding
€or RM® (no "-Ul~1) (hard!)

CNoT -0 uat NVP-hawrl in reStriciod Cases
asymptol ically optimal heerst.c (6/4}/ - Syrrih)

NVote : U () 1sthe 2-adic veluaton o€ m
(highost power of & +that dJikdes m)

(upPW’ A lower bounds or Solutions)

Me 'l' e | lowor bouad | upper bouynd
R m-clegt A \ oD withancias) | 00 with ancilles)
, (=) -
o\n—c:lmﬁ‘l' (awrfng radius of O (ﬁ%;-‘-;g-, )/O(,,Q)
RM*(n, n-1100-1) for T-Count
CvoT-count | O(r?) O(n?)

(from gray ~od o) (€rom 9rey cvole)



CNOT -minimal 3)"“’(3}3

Problem :

Given a phase polynomial representartion (P,A,E),
Synthesze w'th minime| CNIT -coart

Kp/ Jdea -
we noed +o consiruct a tovr of x5 () €For eack
; € SUPP 5P§ with the minimal (N>0IT-—Coun+

Ex
LP+ P(x“y_.,,')(;) - X.@YQ *xlﬁ‘ ¥ X.GXaQX3
. Py Q ' ¢
Since Supp 5Py ~ Z? . wr can coq3truct a minimal toyr
using 1he gray cCone.
XBve  XD%Bvy #DX3
r@-ﬁ% TJ——* 03

— Y3

1 ‘\

o
Xq
*3

Ex.

—

Let Plsq YeaX) S X, 424 Xy 13,0 +XBY; +Xe®, + X,OX%
Now Supp§P3y= Z: N\ 303, Any tour of supp 5 P3 hence

reguires at least -1 CNOT 9qtes. An optimal civeoit
is heance . ox%

Ay 7 S—
X T-———-*L%EJl:@ —_

XXy Xy X0 DY,

@ ( toured)

A—ny set X-'\—'Z_?k can be enumeratel o +/'mo//(/ with
IX \Y] CIVoT gateS Where Yc 2," is Hhesetof inputs



Gra)r - Synth
Basic_idea

/H-}Pnpl' to d ecempose
Szsupp FPI=X, UXeV - UX
where each X, = Zak for some K.

we <o 1his by recassivly Selpcting some gubit |
vhich maymi2eS either the o or | co-¢actor,

| SareMaxX may veSly.=x3
) sy x‘__m,liy y [

Algon‘*fh/vl ~ gueue
i C:;[J, Q::[(S., §l,.--t,"§, @)J
, Wwhile Q#LC 3

[

2

3. (5,.T,0=0QpP®F

q. ;€ .S:g,‘ then we're done

5. i€ 5=%y}, ther

b. $or Pach ) S1. ;l)':[

- C:=[cNot;; 3 ++ C

8, €os all erm"Ii'\, ?'—, se+ ;' = E,')—)?'

q. Eise

". S, = f;psly):OSq S,::fy’FSly;:lj
. Q= [(So,T\$53, i), (51'»]:\"'}'36'\'))3-H Q

(,‘v} 23 ' F ;:é.' / 0+hPIW,'SP)



EXample

Supposf we wish Yo Syn thesize 1he phase Po’ynom:‘ol
£ = ;g [xqg’(g T X, + VB + X DX +X)BLRBXy +y,ayaj

We Cen viSvalize Groy'S}m‘U\ s OP‘”"*;’B oNn a maeiriy
with Columns correspondine To fach parity!

YEB XAy ) LBxx
v )

I
D ) )
0o | 0
I O o)
Y, 05®Yy

ve £ivet PO/'”"-{D’I fh",O 50 & S, by'H\P First row

o ! )
) O )
| O o
o O I

So

To compute 1ho only pardy in So, Ya®¥y, we performe avor
between 3£ 2, +hen updeie the maetrix

X. X| .Q.IL' [ |
;a Ao, 170 6“{7‘,‘
b X3 O‘oo (]

We"re done with So now, So we pop it off the gueue
ond (onl inue with 1he romain he stlectiine rew Q +1p
consirvetl the next set of co-€aclors

The Lirst par iy of S is olr(ad)' “computead®, so we
Oﬂ'y need +o porf‘-rna CNVOT between row ‘42 row [ :

X ““_"_'B [ R

X lf% DQO__' Lo,

X;; T 00,0 1
| - Q|

xq OO!I




Eva mple cont.

Continuing on with S, we zero out the second row
with CNOT +hen partition on row 3

[N
X, ——P i
1; T ﬁ 00 O
Xy ‘ilﬂ 20l
Xy } 110 |

5;};,5’9 D49

—_D-

|

o

|
o

A Ahis point we perform CNOt_ , and then divide
indo co-Fartors S0 & S, which reguire @ &1 CVOT, resp

X ——DH o—
w30 T T1T—

Xy i - A




